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Computing Estimation Error Matrices for Robust Optimization

Introduction

Recently, a new technology known as robust portfolio optimization has been introduced
to handle some of the ill-effects of classical mean-variance optimization caused by
treating the expected return estimates as exact values. Because of the statistical noise
inherent in these inputs and the resulting negative effects that classical mean-variance
optimization has on these statistical errors, mean-variance optimization is often referred
to as error maximization. Robust optimization overcomes these shortcomings by
explicitly accounting for the error in the expected return estimates by considering a
confidence region around the estimates rather than treating the estimates as exact values.

Specifically, in robust portfolio optimization, we consider all values of the expected
return vector, ¢ , that lie in the confidence region (& — &) 2™ (a — &) < x*, where & is a

point estimate of expected returns, x is a constant scalar giving the size of the confidence
region, and X is a symmetric positive semidefinite matrix whose size is equal to the
number of assets for which we have estimates of expected return. Robust portfolio
optimization therefore requires two additional inputs, ¥ and x, which are an asset-asset
covariance matrix and a confidence-controlling scalar, respectively. We will discuss both
of these parameters in the remainder of this document.

There is not much science involved in choosing the value of x to use in robust portfolio
optimization. The good news is that it is a single parameter and it is therefore very easy
to experiment with potential values. The x parameter controls the size of the confidence
region considered in the robust optimization problem. Logically, the larger the value of
i, the larger the confidence region, and therefore the more likely it is that the true mean
of the expected return distribution lies inside the region. Note if x =0, robust
optimization is equivalent to classical mean-variance optimization where the only
information considered about the alphas are their point estimates. In this case, the point
estimate is treated as if it were the true mean of the expected return distribution.

The size of the confidence region and the parameter x are related to more familiar
confidence-interval terminology such as 95% confidence region, 50% confidence region,
etc. When thinking in these more traditional terms, the value of x depends on the level
of confidence considered and the distribution of the expected return estimator. Rather
than worry about the explicit distribution of the estimator (and its associated error), we
prefer to speak directly in terms of x. This also allows us to view the value of x as an
estimation-error aversion parameter.

In general, it is difficult to get an accurate estimate of the asset-asset covariance matrix,
> . The good news is that an accurate estimate is not required. In our testing, we have
found benefits from using simple diagonal estimation error matrices that can be computed
relatively easily. Before we describe some techniques for computing simple and
effective covariance matrices, we will describe a method for computing an exact
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estimation error matrix for a particular alpha construction technique in order to gain a
better understanding of exactly what an estimation error matrix is and isn’t.

Suppose that the return process is stationary and we are computing our estimate of & by
the average of a time-series of realized returns of length 7. In this case, it is well known
that the estimation error matrix is (1/7)Q where Q is the covariance matrix of the time-
series of returns. In this example, the estimation error matrix is a constant scalar of the
covariance matrix of returns. This alpha construction process is not used in practice and
is not recommended. We only use this as an example to illustrate the difference between
the covariance of returns and the matrix defining the covariance of errors around the
expected return estimates.

Some alpha-generation processes, for example Bayesian and regression-based methods,
provide estimation error information as a byproduct of the alpha-estimation process.
Other alpha-building approaches use non-linear combinations of signals to produce
alphas. For signal-blending approaches, statistical analysis of historical alpha-predictions
and realized returns is the best approach for gathering information about the error in the
estimation process.

In this paper, we give an overview of methods for computing practical, effective error
estimates to be used as inputs for robust optimization.

Using Historical Data to Compute Error Estimates

If alpha estimates are generated using linear transformations of signals with known
variance and covariance information, it is possible to derive the estimation error
information from the mathematical forms used. However, this is seldom the case. Often,
either the statistical properties of the inputs are not well-known or there are nonlinear
transformations (for example, conversions of rankings to z-scores) used in the process.
When this is the case, analysis of historical data is the most tractable approach for
computing the error estimates.

Suppose we have historical data in the form of alpha estimates ¢’ and realized returns »
for each security for the past T time periods. Note that ¢/ and 7 are n-dimensional vectors
where 7 is the number of securities. For each time period 7, we estimate the error in the
alpha estimate for security i as (o/-r/). If we assume that the estimation errors are
normally distributed over the time horizon with constant mean and variance, we can
compute the variance of the sampling distribution for security 7 as:

Dl —rH- a1
e
’ T(T -1)

T
t=
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where
1 T
A== (al -r').
T3

Covariances for each pair of securities can be estimated similarly. However, computing a
complete asset-asset estimation error matrix including covariances requires an enormous
number of observations in order to get a meaningful full-rank matrix. Specifically, for n
assets, at least n time periods are needed in order to obtain a full-rank estimation error
matrix. This much information is rarely available and the approach is not recommended
even if the data is available. Such an approach suffers in several ways just as it does
when computing an asset-by-asset risk covariance matrix. Asset-by-asset covariance
matrices are rarely used in large-scale equity portfolio risk measurement and should not
be used here for the same reasons.

If you wish to work with error information at the asset level, we recommend omitting the
covariances. The variance terms described above will specify a diagonal matrix X.

Computing Error Distributions Based on Fundamental Factors

In many cases, sufficient data is not available to compute estimates for all securities in
the universe on a security-by-security basis. In particular, some securities may have far
less historical data available than others making it difficult to assess the alpha-building
process for those securities. Also, as noted previously, if off-diagonal elements are to be
included in the covariance matrix, the data requirements are prohibitive. In these
situations, computing estimation errors at the factor level (e.g., industries) is appropriate.

Note that this type of analysis can be done for any classification of the assets such that
each asset is a member of exactly one subset in the classification scheme. So, for
example, the same analysis can be done based on country or region membership. In the
discussion that follows, we refer to industries but bear in mind that the same
computations apply for sectors, countries, regions, or other classification schemes in
which each security belongs to exactly one subset.

Suppose we have historical data in the form of alpha estimates ¢/ and realized returns #
for the past 7 time periods along with a classification, c(i), of the securities into
industries. Let n;’ be the number of securities in industry k with alpha and return data
available in time period . For each time period ¢, we compute the variance of the estimate
for industry £ as:

(e =1 = T’

iic(i)=k

ni (n =1)

Ou =
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where:

. 1
ll'l]t{ :_l z(alt _rit)‘

Ny ic(i)=k

If we assume that the estimation errors are normally distributed over the time horizon
with constant mean and variance, we can use the sample mean:

to estimate the error in alpha for industry k. The variance of the sample mean for
industry k is then computed as:

T
A2
Z%
A2 —
O_k — =1 .
T

Covariances for each pair of industries can be estimated as:

T
Z[/&Itc _:[lk][:[lj _/[lj]
GA,‘ZI — t=1

T(T-1)

These variance and covariance values can be substituted directly into the asset-asset
covariance matrix X using the variance for industry c(i) in place of the variance for
security i and using the covariance for the industry pair ¢(i), ¢(j) in place of the asset pair
i, j. Alternatively, a factor-based model can be produced by creating an industry-industry
covariance matrix, and an asset-industry exposure matrix The exposure matrix would
have a column for each asset and a row for each industry. The column for security i
would contain all zeroes except that it would have a 1 in row ¢(i). This model could be
augmented by the addition of a diagonal asset-specific variance matrix, if desired... and a
diagonal asset specific variance matrix... and a diagonal asset specific variance matrix. A

Computing the Estimation Error Matrix for Least Squares
Regression

If cross-sectional regression models are used to predict asset returns, estimation error
information is provided as an output of the regression. In this section, we present the
basics of calculating estimation error parameters for multivariate multiple linear
regression (i.e., 7 predictor variables, and a m-dimensional response vector, Y).
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Let z;, z5, ..., z, be the predictor variables and Y=(y;, 2, ..., y») be the response for a
linear regression model. Suppose n observations of the predictors and responses were
used to fit the regression model. Let ¥ be a matrix with n rows and m columns containing
the values of the response variables for the n observation, let Z be a matrix with n rows,
and r+/ columns containing the values of the predictor variables (the first column

contains 1's to represent the intercept term), and let ,3 be the matrix of regression
coefficients provided by least squares. That is:

Yll YIZ Im
Y — Y21 Y22 Y2m
}/nl n2 nm
1z, z, Zy,
7 - 1z, zy Zy
1 an Zn2 an
ﬂOl ﬂOZ ﬁOm
,B _ 1311 ﬂlz ﬂlm
ﬂrl ﬁrZ ﬂrm

The estimation error for the mean response corresponding to the predictor zo = (zg;, zp2,
..., Zgr) can be calculated as:

R VAVARED
where

2=%<Y—Zﬁ)f(¥—2ﬁ>.

Computing the Estimation Error Matrix for Bayesian Methods

One methodology used to compute expected return estimates is Bayesian statistics.
Bayesian methods assume that we are computing an estimate of a distribution of expected
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returns rather than a single point estimate. This distribution is obtained by combining a
“prior” with additional information. The prior estimate of expected returns is generally a
stable estimate such as the global cross-sectional mean of expected returns over a time
horizon or the market-implied returns. These priors are then combined with investor
information such as recent sample means or the investor's own views. We will discuss
two of the more common Bayesian techniques found in the literature for computing
estimates of expected returns, Bayes-Stein estimation and the Black-Litterman model, as
well as a more general Bayesian framework.

The Bayes-Stein Estimator

The Bayes-Stein estimator was developed by Jorion. It uses the average return of
minimum variance portfolios as the prior expected return for each asset. Assume that
asset returns are normally distributed with known covariance matrix, Q. (We assume

this in order to focus on the estimation error in the expected returns.) Suppose that we

have a sample of T observations of realized returns having sample mean R .
Jorion assumes a prior on the expected returns to be:

1
u~N (:uoe:_Qj
T
where e is a vector of all ones, 7 is a scalar based on the confidence in the prior, and:

B e"O'R
Hy _m

is a scalar giving the average expected return of the minimum variance portfolio. Then
the posterior pdf of the expected returns is ¢ ~ N (,uT ,AT) where:

o LI R and A, = !
T+ T T+ T t+T

0.

Hr

Using this approach for computing expected returns, we would let the estimation error
covariance matrix:

T=A,.
The Black-Litterman Model
A more recent Bayesian technique for computing expected return estimates is the so-
called Black-Litterman model. The Black-Litterman model combines equilibrium

expected returns, or implied expected returns, with investor views to compute an
expected return estimate. Let, P be the matrix of investor views, ¢ be the right-hand-
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side of these views, and 2 be the covariance matrix of the views. Most papers on the
Black-Litterman model assume that the investor’s views are independent which implies
that Q is a diagonal matrix. Let 7 the vector of equilibrium expected returns, Qbe an

estimate of the covariance of returns, and 7 be a scalar measuring the confidence in the
market prior such that the distribution of 7 has covariance (zQ).

The Black-Litterman model combines the market prior and the views to compute an
expected return estimate, « , according to:

a=|w0)" + Prap|[0) 7+ Pray].

The expected return estimate is then assumed to have a Gaussian distribution with mean

. - _ 1 . .
a and covariance [(rQ) '+ PTQ IPT . Therefore, if you use the Black-Litterman model
to compute your expected return estimate, then you can use:

s =[0)" + Pra |,

General Bayesian Methods

For Bayesian approaches in general, assume the asset returns are normally distributed
with unknown mean, u, and known covariance matrix, Q. (We assume this in order to

focus on the estimation error in the expected returns.) Suppose that we have a sample of
T observations of realized returns having a sample mean of R. Also suppose that we
have a conjugate prior defined by ¢~ N(y,,A,). Then the sample and the prior are

combined to compute a posterior pdf that is multivariate normal with mean x, and
covariance A, where:

_ RSV a5
wr = (A3 +107 )" () 1, + TO'R)
and:
A=A +TO )
If you are using this approach for computing an expected return estimate, you should let:

S=A,.
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